POWERS OF M 24 -TWISTED SIEGEL PRODUCT EXPANSIONS ARE MODULAR 
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Abstract. We prove that several product expansions suggested by Cheng and Duncan are Siegel mod- 
ular forms. They arising form twists of elliptic genera of symmetric powers of K3 surfaces. Our result 
shows that they can be represented as products of rescaled Borcherds products. 



1. Introduction 
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In [EOT10] . Eguchi, Ooguri, and Tachikawa suggested that Fourier coefficients of the elliptic genus 
of KZ surfaces have a natural decomposition in terms of the dimensions of the Mathieu group M24 — 
see |GV12] for a discussion of this decomposition in the light of more recent results. This observation 
has led to a intense study of a possible M24 moonshine by both physicists and mathematicians. Cheng 
suggested the construction of M24 twisted elliptic genera for symmetric powers of K3 surfaces |ChelO| . 
These lead to product expansions $ s , where g is a conjugacy class in M24. In a recent paper, Cheng and 
Duncan [CD12] discussed this idea in more detail and made the following conjecture (see Section [3] for 
details on the notation): 

Conjecture 1.1 ([CD12]). For all conjugacy classes g of M24, the product <f> g (Z) is a Siegel modular 

(2) 

form with character for the Siegel type congruence subgroup T (N g ). The conjectured levels N g is given 
in Tabled or [CD121 Table 1]. 

To the author's knowledge, so far, only the cases g g {2A, 3A,4B} were solved completely. We are 
able to resolve several new cases of this conjecture. More precisely, we prove the following result: 

Theorem 1.2. For all g in Table[Jl $g 9 is a Siegel modular form with character for Tq (N g ) and weight 
p g kg. 
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Table 1. Conjectured and proved levels of $ g . 



A more detailed statement is given in Theorem 14. 1[ of which the above theorem is a weak version. The 
proof of the later is largely computer assisted. 

Note that the p g are not necessarily optimally, a fact which stems from an ambiguity in the arising 
system of linear equations. For example, it is known that P2A can be chosen to be 1, but in Table [T] we 
only give P2A = 3. It should also be mentioned that the weight of <f> g for g — 23AB is curious. 

While so far in most papers on product expansions in string theory only Borcherds products haven 
been taken into accout, we include rescaled Borcherds products into our consideration — see Section [5J 
and in particular the last remark in said section, for a discussion of this construction. Seemingly the new 
cases that we treat are not Borcherds products, and thus do not fall under the scope of considerations in 
the literature. 
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We proved that in all remaining cases the $ s are not rescaled Borcherds products of level N g , but the 
author is optimistic that they are for large enough N g in the sense of Theorem 11.21 The lack of sufficient 
computational power, prevented the author from checking such N g . 

The paper is organized as follows. In Section [2 we recall the theory of Borcherds products that we will 
make use of. We also introduce rescaled Borcherds products. Section [3] contains a revision of the material 
in |CD12) that is relevant to this paper. The proof of Theorem 14. II is discussed in Section 2J 

2. Borcherds products and rescaled Borcherds products 

Given T C SL 2 (Z), we write m (T) for the space of weakly holomorphic Jacobi forms of weight k and 
index in for T K Z 2 — see [EZ85 for details. The set of cusp classes of V will denoted by C(T), and for 
any cusp class c € C(T), we write h c (T) and e c (T) for the width and the denominator of c, respectively. If 
T = Tq(N) for some positive integer N, then we write h t (N) and e c (iV) instead. We set N C (N) — NeJ 1 , 
and also suppress the argument N, whenever it is clear for the context. 

According to |CG08| . if T — To(N), we choose the representatives /e _1 for the cusps, where e > 1, e | N. 
Given (j, G Jfc m (r (^)) and c G C(T), we write 4> c for the Fourier expansion of cp at that representative 
of c. 

Siegel modular forms (of genus 2) are certain functions on the Siegel upper half space 

M 2 := {Z = X + iY e M 2 (C) : Z = Z T , Y is positive definite}. 

In order to give a precise definition, write ( q ^ ) for a typical element 7 G Sp 2 (K) and let the weight k 
Siegel slash action be 

(f\ k j)(Z) = det(CZ + D)- k f((AZ + B)(CZ + 

Definition 2.1. Let f : H2 —> C be a holomorphic function. We call f a Siegel modular form of weight k 
with character \ f or T C Sp 2 (Z) if and only if x{l) /L 7 = / f or all j E T. 
We write [r, k, x] for the space of such Siegel modular forms. 

We refer the reader to [Fre83] for details on Siegel modular forms. 

Write Z = { T z t 2 )i an d set q\ — exp(27riri), £ = exp(27riz), and 32 = exp(27rir2). Siegel modular 
forms for suitable subgroups of Sp 2 (Z), including congruence subgroups T y (N) of Siegel type, have a 
Fourier expansion 

]T a(n,r,m)qK r q 7 2 n - 

(n,r,m) 

The sum runs over triples (n, r, m) of integers. 

In this paper, we put our focus on product expansions of Siegel modular forms. We start by recalling the 
following special case of a theorem by Clery and Gritsenko [CG08j, which is a refinement and reformulation 
in terms of Jacobi forms, of Borcherds's result [Bor98j on product expansions for Siegel modular forms. 
In order to state it, note that the Fourier expansion of index 1 Jacobi forms, can be by discriminants 
An — r 2 only. 

Theorem 2.2 (Clery-Gritsenko). Let (f>(r,z) = £ c(4n - r 2 ) q n ( r G 4 ;1 (r (iV)). Write c t for the 
Fourier coefficients of<p c , and assume that for all cusp classes c G C(Tq(N)) we have that hcN^ 1 c c (D) G Z, 
if D < 0. Let 

BMz):= q ^c<4 q2 n n (i-( q ?e&) N <) h ' Nrlcc{4nm - r2) 

ceC(T (N)) (n,r,m)>0 

where 

cec{Vo{N)),iei cec{T (N)),i>a ceC(r (N)), iez 

Set 

m-=\ E w x c c (o). 

cec(r (jv)) 

( 2) 

Then B[(j>] is a meromorphic Siegel modular form of weight k[(j)] with character for T (N). Ifc c (D) > 
for all D < 0, then B[<f>] is holomorphic. 
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We will analyze product expansions of the form 

(2.1) HBl^imZ), 

i 

where the product is finite and the </>j are weakly holomorphic Jacobi forms of weight and index 1 for 
To(Ni) x 1? . The n, are positive integers that can be chosen freely. By the above theorem, (|2.ip is a 
meromorphic Siegel modular form with character for (lcm{iVjn,}j) . 

The rescaled Borcherds product (|2.1[) has the following product expansion: 

(2.2) n 5 WM)=!i E '" ie " w c E ' ww f"' eBl * 1 n n ^-{<nc&) d v [ ' nm ~ r *\ 

i d\N(n,r.m)>0 

where N = \cm{N c (Ni)n,i} i c! z C ^ r o(N i )) an d the Cd(D) are the Fourier coefficients of the following Jacobi 
forms: 

(2-3) Mr,z)=J2 £ ^^ fe ((0 4 )c)(t,z). 

Here, 7Tfe is the projection of the Fourier expansion to those terms with integral exponents: 

7r FE ( £ a ( n )<i n ) : = a ( n )l n - 

It is not hard to see that 4>d is a Jacobi form of weight and index 1 for the Jacobi group To (lcm{ NijA x Z 2 . 



3. Siegel Product expansions by Cheng-Duncan 
Consider the following family of weak Jacobi forms Z g , the M24-twisted elliptic genus. 

Z g (r, z) := X (g) + f g (r) ^_ 2>1 (r, z), 

where T g is given in [CD121 Table 2]. By [CD121 Proposition 3.1], the Z g are weak Jacobi forms of 
weight and index 1 for the Jacobi group To(N g ) x 1? . We write 

(3.1) Z g (j,z)= £ c g (4n-r 2 )q n C 

n>0,i-6Z 

for the Fourier expansion of Z g . 

In [CD121 Section 4], the following product expansion was given 

*,(3):=fcC«i II exp(-£ ^ (4 7' r) ( gl C^") fc )- 

(ra,r,m)>0 k=l 

The product runs over triples of integers (n, r, m), and (n,r, m) > means that n > 0, or n = and 
m > 0, or n = m = and r < 0. 

In analogy with [ChelOl (3.9)], we can rewrite this as 

(3.2) $ g (Z) = qi Qq 2 J] J] {l-{q1Cq?) d Y 9Ainm ~ r2 \ 

d I n g (n,r,m)>0 

where 

c^(D) ^-d" 1 J2Kd/d')c gd >(D). 

d' I d 

The Mobius function is denoted by \i. 

The c g> d are Fourier coefficients of a weak Jacobi form of weight and index 1, as can be seen as 
follows: 

(3.3) Z g<d ( T , z)= c ^( 4n " r ') 9"C r : = E v(d/d')Z gdl (r, z). 

n>0,r6Z d' | d 
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4. Results 

Theorem 4.1. For all g in Table [7J $g s is of the form J\ i B[cf>i}(niZ). The </>j and ni are given as Sage 
readable data in "sol_g.sobj", where g must be replaced by the corresponding label of the conjugacy class. 

Proof of Theorem \4-l\ The proof is largely computer assisted. Fix g and recall the product expansion p. 21) 
for $ g . In order to prove the theorem, it is sufficient to find Jacobi forms (pi of weight and index 1 such 
that Z 9i d defined in (|3.3p equals ipd defined in (|2.3[) 

In order to find such forms one can fix a basis of the space of weight and index 1 weak Jacobi forms 
for To(Ng) k Z 2 . Computing the Borcherds lift of each basis element leads to a product expansion like in 
(|2.ip . Comparing the Jacobi forms ipd in Equation (|2.3p and Z g ^ in Equation (|3.3p leads to a system of 
linear equations that can then be solved. 

For each g, we give (pi's that work in the form /o 4>o,i{i~, z)/12 + /2(r) </>_2,i(t, z), where /o is a constant 
and fiij) is a sum of eta products. Note that the Fourier expansion of (p c can be computed from {f-i) t - 
The data is stored in the files "sol_g.sobj", where g must be replaced by the label of a conjugacy class in 
Table [T] The scripts used to compute this data is published at |Rauj . □ 

Acknowledgement: The author thanks Kathrin Bringmann for helpful conversations about the product 
expansions in [CD12|. 
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